ABSTRACT In this paper, a limited rolling time domain-based hybrid tracking control method for injection and packing-holding phase in the injection molding process is proposed. A more flexible controller is designed by adding the adjustable weighting coefficient. First, the input and output models in different phases are established based on the collected input and output data, then, the appropriate state variables are selected to establish a multi-phase state space model. In addition, then, the above model is transformed into an extended state space model containing state variables and output tracking errors, which is transformed into a switched system model. Meanwhile, the performance indicators including the terminal state are selected for different phases, and the optimal hybrid control law is obtained by combining the Riccati equation and the boundary condition. In order to find the minimum run time of each phase for different phases, the dwell time method that depends on the Lyapunov function is designed. The method is simple in design and can improve production efficiency. Finally, the feasibility and effectiveness of the proposed method are verified by modeling and simulating the injection molding process and comparing with the traditional methods.
I. INTRODUCTION
The production process of modern manufacturing is mainly divided into two types: continuous processes and batch processes [1] - [3] . As one of the important production methods in the modern industrial field, the batch process has attracted much attention due to the production requirements of multivariety and high value-added products. At the same time, the research on its related control theory has also made great progress. The injection molding process is a typical batch production process, which can be used to better control and optimize the injection molding process and has important meaning for production.
The injection molding process is widely used in plastic processing and other related fields. At present, there are extensive research results. However, due to the complex dynamic characteristics and variable process conditions, there are still many issues need to be solved in the high precision control
The associate editor coordinating the review of this manuscript and approving it for publication was Youqing Wang. of the modern industrial processing [4] - [11] . As shown in Figure 1 , the injection molding process is a typical multiphase batch process. And the important phases are the injection and packing-holding phase. During the injection and packing-holding phase, the variables that need to be controlled are injection velocity and the packing pressure. The variables controlled by two different phases are different, and the control objectives are also different. So when to switch from one phase to another and how long each phase runs will all directly affect the production efficiency and product quality. Obviously, it is important to design a high-precision controller, the switching conditions of adjacent phases and the running time of each phase for such a production process.
For the control research of the injection molding process, it is usually regarded as a batch process, and the control method is designed based on the characteristics of the batch process to achieve its precise control. Among the many control results, the model predictive control (MPC) method is widely used here because of its good control performance. In particular, the iterative learning model predictive control based on the repeatability of the batch process is the most eyecatching. Reference [12] - [21] adopts the concept of combination of iterative learning control (ILC) and MPC under the framework of two-dimensional linear model system, which solves the problem of non-repetitive dynamic convergence, multivariable constraints, non-repetitive disturbance, output noise and other issues, and achieved good results.
For industrial processes, MPC has also certain results [22] . In [23] , Nagy and Braatz proposed a nonlinear robust MPC method. Li et al. [24] proposed a control strategy of ILC combined with model predictive control based on real-time feedback for batch processes with unknown input nonlinearity constraints. Lu et al. [25] , [26] transformed the non-linear batch process into an uncertain system with disturbance, and designed an ILC law to achieve its control purpose. Hosen et al. [27] proposed a neural network model predictive control (NN-MPC) algorithm for temperature control of polystyrene (PS) batch reactor. The processing of the results of these nonlinear systems is roughly divided into the following categories: (1) transforming into uncertain systems, (2) using the idea of fuzzy control, (3) using the idea of neural network control.
Of course, other characteristics of the batch process are also concerned by people, such as multi-phase characteristics, and model predictive control research about it has also emerged. In [28] , Lucia et al. discussed a predictive control method for a multi-phase batch process on a non-linear model. Wang et al. [29] , Wang and Luo [30] studied the MPC of multi-phase batch process. While considering multistage characteristics, the average-dwell time method with 2D convergence index [31] , guaranteed cost control [32] and even guaranteed cost control with time delay [33] are further studied. From the above research results, it can be seen that the research results of predictive control for multi-phase batch process are less. The reason is that the system control objectives are different at different phases, the states may be different, and even the model dimensions are different. Therefore, the optimal control of the single-phase batch process does not optimize the control performance of the whole process.
In addition, most of the above research results are aimed at the repetitive characteristics of batch process, and the ILC method is used to achieve its optimal control. However, in the actual industrial control, due to the drift, process nonlinearity, and the external disturbance of the system in the actual working conditions, the batch information of many batch processes is not repeated, the use of the previous batch information to improve the control performance of the future batch is no longer realistic. The control system may degrade its control performance after a period of operation. If the controller is not repaired in time to improve the quality of control, the economic benefits of the control system will be reduced. Therefore, in order to solve the problems of model mismatch and interference in control, it is extremely necessary to propose a more effective control method. At present, the corresponding research results have appeared [34] - [42] . The research results in this part mainly regarded the input change caused by the actuator failure as a mismatch, and the MPC algorithm is designed to realize the control of the actual system model. However, these results do not take into account the multi-phase characteristics of the batch process.
As described above, the phases of the injection molding process interacted and correlated to each other. Proper switching conditions and run times in different stages of the injection molding process have become a key part of improving production process efficiency and product quality.
Aiming at the above problems, a hybrid tracking control method for limited rolling time domain in injection molding process is proposed. First, different phases of input and output models are established, and then the appropriate state variables are selected to establish a multi-phase state space model and converted it into an extended model containing state variables and output tracking errors, which is represented by the switched system model. Then, the performance indicators including the terminal state is selected for different phases, and the optimal hybrid control law is obtained by combining the Riccati equation and the boundary condition. To find the minimum run time for each phase, a dwell time method based on the Lyapunov function is designed for different phases. Finally, taking the injection molding process as an example, the traditional control method and the method proposed are used separately to establish the state space model and design the control law to control the actual system model. The simulation result shows that this method is indeed feasible and effective.
Contribution of this article: First, for the multi-phase characteristics of batch process, this paper gives the appropriate switching conditions and running time in different phases of the batch injection process. Second, the proposed method improves the tracking performance and anti-interference of the control method in the batch process.
The advantages of this article are as follows: (1) The control law is more flexible by adding adjustable weighting coefficients, and ensuring that the system obtains better control performance. (2) The designed controller has better tracking performance and anti-interference. (3) The results obtained do not need to refer to any other variable, which is simple and easy, and can shorten the running time of the system, that is, increase the production efficiency.
II. PROBLEM FORMULATION
The multi-phase batch process can be described as the following system model:
where, y i (z), u i (z) are z transformation of the output and input in the i th phase. a i , b i are the corresponding coefficient respectively of the polynomial A i (z −1 ), B i (z −1 ). m, n are the maximum order of A i (z −1 ) and B i (z −1 ), respectively. Remark 1: As described in the introduction, in practice, many batch processes are often time-varying, and this timevarying characteristics will lead to non-repeatable behavior, which will bring great difficulty for ILC to achieve rapid tracking of the system. The assumption of its associated controller design is no longer applicable in practice. In order to solve the above problems, it is particularly important to put forward new control method.
III. TRADITIONAL CONTROL
Establish an input and output model for the model (1):
Select the non-minimum state space variable x i 0 (t) T as follows:
Thus, a new state space model in the i th phase can be obtained:
where,
where, I i p , I i q are the unit matrix in p, q dimension respectively. Based on the model (3a), the control law in the i th phase is designed as follows:
where, x i e (t, k) represents the state. Dimensional expansion model (3a) and (3b), obtaining:
where
Using the Lyapunov stability theory, the corresponding control law can be designed based on the (3c).
Remark 2: The final expression of the control law (3c) can be obtained by combining the state space model (3a) and the control law (3b) in the i th phase. Based on the Lyapunov stability theory, it is easy to design the control law (3c).
IV. PREDICTIVE CONTROL OF NEW STATE SPACE MODEL A. ESTABLISHMENT OF A NEW STATE SPACE MODEL
In this control method, the model (1) is further processed, and a difference operator is introduced to define as:
where, y i (t) ∈ R q , u i (t) ∈ R p are the output and input variables of the batch process in phase i th at moment t. The error model is obtained according to (4) combined with (1):
Due to the fact that process state variables may not be accessible, and the traditional state space method cannot both include the state variables and output tracking errors, it is necessary to design a new state space model and select nonminimum state space variable x i 0 (t) T to avoids the use of an observer to access the state information, which in the following form:
where, the dimension of
Thus, a new state space model can be obtained:
Since the parameters to be controlled at different phases are different, the dimensions in different phases may be different. But the state of the adjacent phases is related to each other, and it can be expressed as:
where, J i represents the state transition matrix, T i represents the switched time of the states in different phases. If the states in different phases are the same, J i = I i .
B. ESTABLISHMENT OF EXTENSION MODEL
In order to have better tracking performance, the output tracking error in phase i is defined as follows:
According to (7) and (12), the tracking error is found:
For the phase i, the new state variables are selected again to further extend the model. The new state space model is obtained according to (7) and (10) . The new state model is different from the traditional state model. Its control design not only considered the output tracking error, but also considered the state change. Its form is as follows:
The above system is represented by a switched system model in the following form:
where, σ (t, k) : Z + → N := {1, 2, · · · , N } represents the switching signal, which may be related to time or system state. N is the number of the subsystem level, and the switched sequence is defined as S :
In regards to a non-minimum implementation extended state space model with free terminal states, the corresponding performance indicators are selected as follows:
where, Q i , R i , Q i f represent the weight matrix of the state variable, the controlled input and the terminal state in the i th phase respectively. t ∈ [t i 0 , t i f ] is the optimization rolling time domain and t i 0 , t i f are the start and the terminal time respectively.
The control action is obtained by the minimization of Q and Q f in (13), which is expressed as follows: (14) Note that the regulation of z i (t) to zero does achieve the actual set-point tracking because the output tracking error is included in it. q jy1 , q jy2 , · · · , q jyn are the weighting factors of the process output change. q ju1 , · · · , q jum−1, are the process input change and q je is the process output tracking error.
C. DESIGN OF CONTROLLER
Theorem 1: According to the performance index of model (13) , the optimal control law of controllers in different phases is found, and the form is as follows:
Proof: The necessary condition for the optimal control law is:
where, (19) , the optimal control law is found if
It can be found by combining with the extended state space models (12) , (20) and (21):
It can be represented at the same time that:
According to (20) and (23), the optimal control can be found:
Similarly, it can be found according to (17) and (23) that:
At last, it can be found by joining (21) and (25) that:
Thus, theorem 1 is proved. The control quantity in the optimal control law found by theorem 1 is applied to the controlled object:
At the next moment, the above calculation process is repeated to find the new control amount, and then circulated in order.
Remark 3: The idea of theorem 1 comes from linear quadratic optimal control in optimal control. However, the traditional linear quadratic optimal control method is limited to define the tracking error to convert the tracking problem into an adjustment problem and then minimize it, where no additional adjustment can be used for the improvement of control performance. In addition, if the output tracking and the process dynamic tuning are required, important and complex derivations of control laws may be encountered. Therefore, theorem 1 proposes a new method to solve the above problems.
Remark 4: At present, performance index monitoring has become a hot topic. In the aspect of plant-wide interference analysis, since the measurement for the existing survey process cannot determine the part of interference source, therefore, a top-down method is proposed [43] . In addition, in terms of process monitoring, in order to make process monitoring more targeted and more accurate, [44] proposed a parallel subspace process monitoring method for performance indicators.
D. DESIGN OF SWITCHED LAW
Existing methods [45] , [46] claimed that the gain (The system has input disturbances) performance can be obtained by a straightforward extension from combination of multiple Lyapunov function (MLF) and dwell time or average dwell time approaches. Paper [47] considers this view to be wrong and the gain should be replaced by a weighted gain. In order to overcome the shortcomings from the stability result to the gain MLF, and referring to the concept of [48] , the switching stability analysis and gain control method are designed as follows:
Theorem 2: In combination with the switched system, if there is a set of positive definite symmetric matrices
then, the system is asymptotically stable with the dwell time.
Proof: The switched signals σ (t) needed to be designed for different phases. Based on the switched system model in (11) , the controllers in different phases are designed, and their forms are as follows:
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The Lyapunov function is introduced so that the switched time depended on the Lyapunov function. For the i th subsystem, the following Lyapunov function is selected:
where, P i (t),i ∈ N , N := {1, 2, · · · , N } is a matrix that depended on the dwell time τ i ; then:
We can obtain from (27) that v i (t) < 0, ∀t ∈ [t m , t m+1 ), which implies the value of v i (t) decreases during the activation time of subsystems.
For overall switched system (12), we choose Lyapunov function described by
where θ i (·) : Z + → {0, 1} and i∈N θ i (t) = 1 is the indication function indicating the activated subsystem.
Then we have to demonstrate the value of Lyapunov function v(t) non-increasing at each switching instant t k . Supposing system (12) switches from subsystem j to i at switching instant t k , by (28b) and (34) , it is obtained that
Combining (33) and (35), the asymptotic stability of system (12) can be established by v(t) < 0, ∀t. Combining the optimal control law of theorem 1, the above inequality is found so that we can find τ i in different phases. Since the system dimensions are different at different phases,P j τ j is the form of positive definite symmetric matrix found in (28a) multiplied by the transfer matrix of the corresponding phase from both sides.
Remark 5: Compared with the traditional control, the new state space model predictive control cannot include both state variables and output tracking errors. The new state space model chooses non-minimum state space variables (6), defines output tracking errors, and designs a new state space model (11) . According to the model performance index (13) , the control variables in the optimal control law (16a) at different phases are obtained for the controlled object, and the new control variables are obtained by cycling in turn. Switched signals are designed for different phases to make the system asymptotically stable with dwell time.
Remark 6:
The controller designed in this paper has certain robustness, however, as the fault or disturbance becomes serious, its control effect may become worse. Therefore, it is only effective for a certain range of faults or disturbances, and it is not the best control effect for the factors affecting production such as time delay and nonlinearity, so it has certain limits.
Remark 7: Compared with other models, this paper considers the multi-phase characteristics of the batch process, while most of the other models are for single-phase modeling, the high precision control of a single phase cannot guarantee the high precision of the whole system. The reason is that the system control objectives are different at different phases, the states may be different, and even the model dimensions are different. Therefore, the optimal control of the singlephase batch process does not optimize the control performance of the whole process. Then, a comparison of the proposed method with run-to-run and MPC is presented. Runto-run (or run-by-run) control, its main motivation for development is the lack of in situ measurements for the product qualities of interest. In [6] , three control methods-iterative learning control (ILC), repetitive control (RC), and run-to-run control (R2R)-are studied and compared. These methods play an important role in controlling repetitive processes and runbased processes. However, they are effective for repetitive production processes and have poor anti-interference performance. MPC controllers solve an optimization problem at each time instants. MPC designs have the ability to yield high performance control systems capable of operating without expert intervention for long periods of time. However, predictive control still shows some limitations when presented at the nonlinearity and time-varying for the batch process. The proposed method is hybrid tracking control. The control law is more flexible by adding adjustable weighting coefficients so that it has strong anti-interference and fault ability to ensure the control performance of the system and also has some effect on resisting time variation and nonlinearity. Under comparison, the proposed method is superior to the above two methods. Fig.1(a) is a schematic diagram of the injection molding process. The injection molding process is a typical multiphases batch process, which mainly includes five phases, namely mold closing, injection, pressure maintaining, cooling and mold opening. The injection molding batch process generally starts with mold closure. First, there is the injection section, which is used to make the plastic in the cylinder uniformly plasticized. Then, the screw is pushed under high speed and pressure to make the molten material injected into the mold chamber until the mold chamber is completely filled by the melt (as shown in Fig.1(c) (a) ). After the injection section over, the system enters the pressure-holding section with the aim of allowing the polymer to continue into the chamber to fill the shrinkage of the product due to cooling and solidification (as shown in figure 1(c) and (b) ). There exists a switch (V/P switch) between the injection speed and the pressure-holding in the injection section and the pressure-holding section, which indicates that the injection process leaves the injection section and enters the pressureholding section. After the pressure-holding section over, the injection molding process enters the next phase -cooling. Molten materials in the mold chamber are conveyed forward through the rotating screw. When the accumulated melt in the screw head increases continuously, the pressure in the mold chamber increases continuously. Under the action of the pressure, the screw moves backward until it reaches the pre-set position. At this point, the screw stops rotating and the plasticization process ends (as shown in Fig. 1(c) (c) ). At the end of the plasticization process, the polymer in the mold chamber continues to cool until it's fully solidified and the product is popped up (as shown in Fig. 1(c) (d) ). This is the cooling and mold opening phase. The process above is a complete injection molding process. In order to ensure product quality and production efficiency, we need to consider some key variables in the production process of each batch to achieve high precision control of the whole productive process. The control effect of the injection phase and the packing-holding phase during the injection molding process has a direct impact on the final product quality. The injection velocity in the injection phase and the cavity pressure during the packing-holding phase have the greatest influence on the control effect of the corresponding phase, and the trace given value should be controlled. These two parameters are controlled by the corresponding valve, and the valve opening affects the parameters. In addition, during the injection phase, when the cavity pressure reaches a certain value, the process enters the packing-holding phase, so that the cavity pressure needed to be detected during the injection phase but not to be directly controlled. In the cooling phase, only the high-temperature finished products are cooled, and no control measures are taken; that is, a hybrid state space model of the injection and packing-holding phase in the injection molding process is required to be built.
V. SIMULATION
The frequency domain mathematical models of the injection and packing-holding phase in existing injection molding process are respectively expressed as follows:
The nozzle pressure (NP) model corresponding to the injection velocity is:
While the actual model of the system is:
Our control law is designed for (36a). Donate
Traditional models are expressed as follows by using the traditional control method:
While the new model is: The switching condition between the two phases in the system is:
Equation (36c) shows that once the nozzle pressure is greater than 350, the process will switch from the injection phase to the pressure phase. Using theorem 2, the time in the first phase can be found to be 86 and the time in the second phase is 90. The simulation result is as follows:
It can be seen from Figure 2 that compares with the traditional control method, the system output error can be quickly converged by the control method proposed in this paper, and the fluctuation at the switching point is small obviously, and the tracking performance of the system is improved obviously.
It can be seen from Figure 3 that the initial input value of the system is large, the running effect is not ideal, but it runs to the steady state value very quickly. At the switching point, although there is some fluctuation, it returns to the new steady state value quickly. Not only that, the input value fluctuates less significantly at the switching time.
It can be seen from Figure 4 that the system output tracked the given value quickly, and the output in the injection phase and the pressure phase remains stable. When the injection phase is switched to the holding phase, the output value in the packing-holding phase fluctuates, but it still tracks the given value. Figure 5 shows the comparison of the switched time in the first phase. It is obviously that the method proposed in this paper has a short running time, which saves the production time to a certain extent. It can be said that this method has the effect of energy saving and reducing consumption. The actual model of the system (36c) is not affected by the noise. To analyze the effectiveness of the proposed method, noise is considered here. It can be seen from the following three figures (Fig. 6-8 ) that the system control performance is significantly deteriorated under the influence of noise. For example, the tracking error comparison graph, the error fluctuation significantly increases at the switching time, but it finally achieves fluctuation in a certain range. The same is true for the system output and input.
VI. CONCLUSION
In this paper, the hybrid tracking control method for limited rolling time domain in the injection molding process based on the injection phase and packing-holding phase is proposed. Based on the new design model, a more flexible controller is designed by adding adjustable weighting coefficients. By establishing the system model, designing a new state space model and combining Riccati equation and the boundary conditions, this method find the optimal control law for each phase. The dwell time method of Lyapunov function is designed for it, and the minimum running time of each phase is found. This method can speed up the production efficiency. In general, this method is simple and easy, and do not require the setting of other parameters. Finally, by using the simulation of injection molding process, and comparing with the traditional method, it is proved that this method can truly improve the control performance of the system.
